On Equalizers of Sections  by Dicks, Warren & Dunwoody, M.J
Ž .Journal of Algebra 216, 20]39 1999
Article ID jabr.1998.7757, available online at http:rrwww.idealibrary.com on
On Equalizers of Sections
Warren Dicks
Departament de Matematiques, Uni¤ersitat Autonoma de Barcelona,Á Á
08193 Bellaterra, Barcelona, Spain
E-mail: dicks@mat.uab.es
and
M. J. Dunwoody
Faculty of Mathematical Studies, Uni¤ersity of Southampton, Southampton SO17 1BJ, England
E-mail: mjd@maths.soton.ac.uk
Communicated by Efim Zelmano¤
Received October 17, 1997
Let G and M be groups, and a, b: G “ G) M group-theoretic sections of the
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1. INTRODUCTION
Throughout this article, let G be a group.
ŽLet M be a group, G) M the free product that is, the coproduct in the
.category of groups of G and M, and 1)e : G) M “ G the homomor-
phism which acts as the identity on G and sends each element of M to the
identity element of G. Let a, b: G “ G) M be group-theoretic sections
Ž .  < Ž . Ž .4right inverses of 1)e , and H their equalizer g g G a g s b g .
w xIn 1 , G. M. Bergman completed the proof of the generalized Scott
conjecture, that is, for any set S of endomorphisms of a free group of
finite rank n, the fixed group of S has rank at most n. The crux of his
argument is his Theorem 11, which shows that, with notation as above, if
ŽG is finitely generated and torsion-free, then H is a free factor of G a
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. w xmember of a free product decomposition . In 1, Sect. 8, Paragraph 3 he
remarks that he does not know if one can drop the hypothesis of torsion-
freeness; we interpret this as question and answer it in the affirmative.
w xOur proof uses the Almost Stability Theorem 4, Theorem III.8.5 ,
w x w xprotrees 6 , folding sequences 2; 7 , and a new concept which we call a
G-semitree. In Section 2, we define these G-semitrees and derive some of
their elementary properties. In Section 3, we use a folding sequence
argument to prove our main result relating G-semitrees and free factors,
in the case where G is finitely generated. In Section 4, we record some
basic technical results on G-semitrees. In Section 5, we apply the Almost
Stability Theorem and the G-semitree results to answer Bergman's ques-
tion. We further show how the torsion-free case, dealt with by Bergman,
follows directly from the Almost Stability Theorem.
2. G-SEMITREES
wWe briefly recall some definitions and results from 5; 4, Sects. II.1,
xIV.6; 6 .
 42.1. Background. Let Z denote the set 0, 1 given with trivial G-2
action, and with the involution which permutes the two elements.
Let T be a G-tree. We view T as a G-set which is the disjoint union of
Žtwo G-subsets, the set VT of ¤ertices, and the set ET of preferred
. "1oriented edges. We write ET for the G-set of oriented edges, thought of
 4formally as a Cartesian product ET = 1, y1 , or equivalently ET = Z .2
The involution of this set which acts as the identity on ET and inter-
changes 1 and y1 is called in¤ersion.
w xAny u, ¤ g VT determine a totally ordered finite subset, denoted u, ¤
w x "1or T u, ¤ , of ET , consisting of those oriented edges, in order, which lie
Ž .in the oriented T-geodesic from u to ¤ . These total orders fit together to
form a partial order of ET "1 which is reversed by inversion and respected
by the G-action. This partial order is called the geodesic partial order and is
denoted - . The geodesic partial order has the nesting property that, for
any e, f g ET "1, exactly one of e F f , f - e, ey1 F f , f - ey1 holds.
Moreover, the geodesic partial order has the finite inter¤al property that,
between any two elements of ET "1, there are only finitely many other
elements of ET "1.
Every vertex ¤ of T determines a subset of ET "1, namely the set of
oriented edges which point to ¤ , and the characteristic function of this set
Ã "1respects nestings and in¤olutions. The set VT of functions from ET to Z2
which respect nestings and involutions can be identified with the set of
Ã w xvertices and ends of T. For u, ¤ in VT , we can take T u, ¤ to be the set of
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those elements of ET "1 where the functions u and ¤ have values 0 and 1,
respectively.
Conversely, for any G-set E, if E"1 has a partial order which is
respected by the G-action, is reversed by inversion, and has the nesting
and finite interval properties, then E is the edge set of a G-tree.
2.2. Remark. One could define a G-tree to be a G-set E given with a
G-respecting inversion-reversing partial order of E"1 which has both the
nesting property and the finite interval property.
2.3. DEFINITIONS. A G-protree P is a G-set furnished with the following
Ãdata. The G-set P is the disjoint union of two G-subsets, denoted EP, VP.
Ã "1 ŽThe elements of VP, EP, and EP are called the ¤ertices preferred
.oriented edges and oriented edges of P, respectively. There is a partial
order - on EP "1, called the geodesic partial order, which is G-respecting,
Ãinversion-reversing, and has the nesting property. The G-set VP is the set
of functions from EP "1 to Z which respect nestings and involutions.2
2.4. DEFINITIONS. Let P be a G-protree.
Ã w x w xConsider u, ¤ , w in VP. We denote by u, ¤ or P u, ¤ the set of those
oriented edges where u and ¤ have values 0 and 1, respectively. A subset
of EP "1 of this form is called an inter¤al. It is not difficult to show that
ÃŽ . w x w x w xthere exists a unique x s x u, ¤ , w g VP such that u, ¤ l u, w s u, x .
If x / u we say that ¤ and w are in the same direction from u. It can be
Ã  4shown that this is an equivalence relation on VP y u ; the set of equiva-
lence classes is called the set of directions emanating from u. If ¤ and w
w x w xare not in the same direction emanating from u, that is, u, ¤ l u, w is
w x w x w xempty, we say that u is between ¤ and w, and here ¤ , w s ¤ , u j u, w .
Ã w xThe set of vertices between ¤ and w is denoted VP ¤ , w , and its elements
w xdistinct from ¤ and w are said to be interior ¤ertices of ¤ , w .
Ã "1 XWe say that ¤ g VP is the initial ¤ertex of e g EP if there exists ¤ in
Ã X Xw x  4VP such that ¤ , ¤ s e , and here we say that e joins ¤ to ¤ . Each
oriented edge having ¤ as initial vertex determines a direction emanating
from ¤ . Each oriented edge has an initial vertex and joins two vertices
together.
ÃWe say that ¤ g VP is expendable if ¤ is not the initial vertex of any
element of EP "1 and there is only one direction emanating from ¤ .
2.5. Remarks. We record the following observations.
2.5.1. A G-tree together with its ends forms a G-protree, and the
ends of the G-tree are precisely the expendable vertices of the G-protree.
2.5.2 A G-protree P has the structure of an inverse limit, in the
category of sets, of an inverse system of edge-collapsing maps of finite
trees, where a tree is viewed as a set of vertices and edges. Each element
of this inverse system is then a compatible system of vertices and edges.
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Suppose we have an element of P viewed as such a compatible system; if
only vertices occur in the system, the corresponding element of P is a
vertex, and otherwise it is an edge. For any vertices u, ¤ , there is associated
w x "1a totally ordered subset P u, ¤ of EP , arising from the geodesics in the
finite trees; these total orders fit together to form a partial order of EP "1.
A G-tree is not, in general, a G-protree, nor vice versa. For our
purposes we need a third concept which does include that of a G-tree; this
concept is rather technical, but it provides a convenient language for our
proof.
2.6. DEFINITIONS. A G-semitree S is a G-set furnished with the follow-
ing data.
The G-set S is the disjoint union of two G-subsets, denoted ES, VS; the
"1 Želements of VS, ES, and ES , are called the ¤ertices, preferred ori-
.ented edges, and oriented edges of S, respectively.
There is a partial order - on ES"1 called the geodesic partial order.
There is a function which assigns to each element ee of ES"1 an
Ž e . eordinal, weight e , called the weight of e . This function determines
another partial order of ES"1, called the partial order by weight.
The partial order - is G-respecting, inversion-reversing, and has the
Ãnesting property. The G-set VS is a G-subset of the G-set VS of functions
"1 Ãfrom ES to Z which respect nestings and involutions; thus ES and VS2
Ãform a G-protree P. In P, every element of VS y VS is expendable, that
is, has one direction emanating from it, and is not the initial vertex of any
oriented edge. For any g g G, and vertices u, ¤ of S, if g fixes u and ¤ ,
w x w xthen g fixes every element of the set, denoted S u, ¤ or u, ¤ , of oriented
edges where u and ¤ have values 0 and 1, respectively.
The weight is constant on G-orbits. Edges have the same weight as their
w xinverses. For all u, ¤ in VS, u, ¤ has only finitely many minimal-weight
w xelements, where a minimal-weight element of u, ¤ means an element
w xwhich is minimal in u, ¤ with respect to the partial order by weight.
2.7. Remarks. Consider Definition 2.6.
2.7.1. The last condition in Definition 2.6 means that if u / ¤ , and a
Žw x.is the least element in the nonempty set of ordinals weight u, ¤ , then
w x w xonly finitely many elements of u, ¤ have weight a . We say that u, ¤ has
weight a .
Ã w x2.7.2. If u, ¤ are vertices of S, then every interior vertex of VP u, ¤
Ã w xhas at least two directions, so is not expendable. Thus VP u, ¤ lies in VS.
Ãw x w x w xWe shall write V u, ¤ or VS u, ¤ to denote VP u, ¤ . In general, all the
terminology which applies to G-protrees applies to G-semitrees.
2.7.3. A G-tree with any weight function on the G-orbits of edges is
a G-semitree.
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2.8. PROPOSITION. Let S be a G-semitree and u, ¤ be ¤ertices of S. If
Žw x < . w xu , ¤ i g I is a family of subinter¤als of u, ¤ totally ordered underi i
w x w xinclusion, then D u , ¤ is a subinter¤al of u, ¤ .ig I i i
"1 w x w xProof. We may restrict to the case where ES s u, ¤ j ¤ , u , so S
Žis a G-protree and hence compact, although we have not mentioned the
. w xtopology . Here we can ignore the G-action and assume ES s u, ¤ .
w x Ž .Let X s D u , ¤ . We may assume X is nonempty. Let Y resp. Zig I i i
Ž .be the set of elements of ES which are less than resp. greater than all
Ž . "1elements of X. Let y be the Dedekind cut function on ES which is 0
on Y and 1 on the complement of Y in ES, and dually on ESy1. Let z be
the function on ES"1 which is 1 on Z and 0 on the complement of Z in
ES, and dually on ESy1. Then y and z respect nestings and inversion, so
w x w xlie in VS, and X s y, z is a subinterval of u, ¤ .
3. FOLDING SEQUENCES
3.1. LEMMA. Let S be a G-semitree, u, ¤ ¤ertices of S, and g an element of
w x w xG. If g u, ¤ : u, ¤ then g fixes u and ¤ .
w n x < 4Proof. Here u, g u n G 0 is an increasing nested set of intervals in
w x w xu, ¤ , so, by Proposition 2.8, the union is u, x for some x, and x is fixed
w n nq1 xby g. If u / gu, all the g u, g u are disjoint, have the same weight, a
Ž .say, and contain the same positive number of elements of weight a .
w xHence u, x has weight a , and has infinitely many elements of weight a .
This contradicts the G-semitree condition, so g fixes u, and similarly, g
fixes ¤ .
3.2. LEMMA. Let S be a G-semitree, u, ¤ , w ¤ertices of S, and g an element
w x w x w xof G. Suppose that u, ¤ l gu, ¤ s w, ¤ , and that g fixes ¤ . Then g fixes
w. If w s u or w s gu, then g fixes u.
w x w x y1 w xProof. Here w g V u, ¤ , and w g V gu, ¤ , so g w g V u, ¤ , since
y1 w y1 x w x w x w y1 xg ¤ s ¤ . Thus either g w, ¤ : w, ¤ or w, ¤ : g w, ¤ , and, in the
w x w x y1w x w x w x w xlatter case, gw, ¤ : w, ¤ . Hence g w, ¤ : w, ¤ or g w, ¤ : w, ¤ .
By Lemma 3.1, g fixes w.
3.3. LEMMA. Let S be a G-semitree, u, w be ¤ertices of S, and g an
w x w 2 x w xelement of G. Suppose that u, gu l g u, gu s w, gu . Then either
w y1 x w x w y1 x w x 2g w, w : u, gu , or w, g w : u, gu ; if the latter holds, then g fixes
w x 2 2w, and g fixes some element of V w, gw . If w s u or w s g u, then g fixes
w xu, and g fixes some element of V u, gu .
w x w 2 x y1 w xProof. Here w g V u, gu , and w g V g u, gu , so g w g V gu, u
w x w y1 x w x w y1 x w xs V u, gu . Hence, either g w, w : u, gu or w, g w : u, gu .
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y1 w xWe now consider the latter case. Here g w g V w, gu , and w g
w y1 x w x w x w xV u, g w so gw g V gu, w s V w, gu . Hence, either w, gw :
w y1 x w y1 x w x w y1 xw, g w or w, g w : w, gw . In the former case g g w, w s
w x w y1 x 2w y1 x w y1 x 2w, gw : w, g w , so g g w, w : g w, w , and, by Lemma 1.1, g
fixes w. Similarly, in the second case, g 2 also fixes w. Thus g 2 fixes every
w xelement of w, gw .
w xSuppose g fixes no element of V w, gw . By Zorn's lemma, there exists
w x w x < 4a maximal subset Z of V w, gw such that w g Z and z, gz z g Z is
w x w xtotally ordered under inclusion. Thus, for each z g Z, z, gz : w, gw ,
2 w xand g fixes z. By Proposition 2.8, the union of the w, z as z ranges over
w x w xZ is of the form w, a . Hence the union of the gz, gw as z ranges over Z
w x w x w xis ga, gw . It follows that a, ga : z, gz for all z g Z. Thus a g Z, by
w x w 2 xmaximality of Z. Consider any vertex c in V a, ga . Then gc g V ga, g a
w x w xs V ga, a s V a, ga . Thus, replacing c with gc if necessary, we have
w x w x w xc, gc : a, ga . By maximality of Z, c s a. Thus V a, ga has no interior
w xvertices, so a, ga contains exactly one oriented edge, which we denote by
ee. But then e is inverted by g, which contradicts ES being a G-set.
w xHence, g fixes an element of V w, gw , as desired.
2 y1w x w xFinally, if w s u or w s g u then w, g w : u, gu .
We now come to our main result. We say that G is finitely generated o¤er
a subgroup H if G has a generating set consisting of H together with a
finite set.
3.4. THEOREM. Let S be a G-semitree, and s a ¤ertex of S, and write
H s G . Suppose that, for all g g G y H, H l H g s 1, and, for all w gs
VS y Gs, H is either 1 or G . If G is finitely generated o¤er H, then H is aw w
free factor of G.
Ž .Proof. We define an admissible triple to be a triple X, x, f where X
is a connected G-finite G-graph, x is a vertex of X such that H F G , andx
Ž .f is a G-map f : VX “ VS, such that f x s s, and, for every edge e of
Ž . Ž .X, f i e / f t e . Here, G F G s G s H F G , so, in fact, G s H.x f Ž x . s x x
We now show that an admissible triple exists. Since G is finitely
generated over H, there exists a finite subset E of G such that H j E
Žgenerates G, and we may assume that H l E s B. Let X be the relative
.Cayley graph with vertex set GrH, edge set G = E, where an edge of the
Ž . Ž .form g, e joins gH to geH. We then define x s 1H, and f gH s gs. for
Ž . Ž Ž ..any edge g, e of X, we have e f H s G , so f i g, e s gs / ges ss
Ž Ž ..f t g, e .
Ž .Consider first the case where there exists an admissible triple X, x, f
Žin which each G-free edge of X is a cut set of X. Recall that, for an edge
 4e of X, e is G-free if G s 1, and e is a cut set if X y e has twoe
.connected components. If we then collapse all the edges of X which are
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not G-free, we get an edge-collapsing map X “ X, y ‹ y. Here X is a
connected G-graph with G-free edge set, and each edge is a cut set; that is,
wX is a G-tree with a G-free edge set. By Bass]Serre Theory 9, pp. 1]55; 4,
xpp. 1]35 , for each vertex of X, the stabilizer is a free factor of G. We
claim that the stabilizer of x is precisely H. We can think of x as its
preimage in X, a connected subgraph of X containing x, and we may
assume that H is non-trivial. Consider any edge e of X with G / 1 ande
suppose G F H. Thus 1 / G F G l G F H l G s H .i e e i e t e f Žt e. f Žt Ž e..
Hence, by hypothesis, G F H, so 1 / G F H. It follows that, forfŽt e. t e
every vertex w in x, 1 / G F H, by induction on the length of a path in xw
from x to w. If g g G carries a vertex ¤ of x to a vertex ¤ of x, then1 2
1 / G s G s gG gy1 F H l gHgy1. By hypothesis, g g H. This¤ g ¤ ¤2 1 1
shows that the G-stabilizer of x is precisely H.
Ž .Thus we may assume that, for each admissible triple X, x, f , there
exists a G-free edge of X which is not a cut set, and it suffices to obtain a
contradiction. That is, we may assume there exists a positive integer r, and
that there exists, in X, a closed path
p : ¤ , ee1 , ¤ , . . . , ee r , ¤ s ¤0 1 1 r r 0
indexed by Z , which passes over a G-free edge, and which is simple, thatr
is, viewed cyclically p does not pass twice over any edge or any vertex.
Ž .By an admissible quadruple we mean a quadruple X, x, f, p satisfying
the above conditions; we assume that, among all admissible quadruples, we
have chosen one that is ``minimal'' in a complicated sense that we now
proceed to explain.
3.4.1. Minimality assumption. First of all, we assume that our choice
minimizes the rank of the quotient rank G_ X, or equivalently, the
Ž .non-negative difference between the number of edge orbits and the
number of vertex orbits.
ŽSecond, we assume that our choice minimizes given the previous
.constraint the rank of the G-quotient of the G-free part of X, by which
Ž .we mean the non-negative difference between the number of G-free
edge orbits and the number of G-free vertex orbits.
Notice that, so far, we have specified a minimum for admissible triples,
and now we consider restraints on the path p. Recall that, in the cycle
Ž . Ž . Ž . Ž .f ¤ , f ¤ , . . . , f ¤ s f ¤ in VS, no two cyclically consecutive terms0 1 r 0
Ž . Ž . Ž .are equal. For i g Z , if f ¤ is not between f ¤ and f ¤ , thenr i iy1 iq1
we say that the path p has a folding point at ¤ .i
Let M denote the number of folding points in p. If M s 0, then we get
a totally ordered cycle in ES"1 in the geodesic partial order, which is
impossible. If M s 1, say ¤ is the unique folding point, then the geodesici
"1 w xpartial order in ES gives us a nonempty totally ordered set ¤ , ¤ ,i i
which is impossible. Hence M G 2.
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ŽOur next assumption is that M is minimal possible within the previous
.constraints .
< <Next, we assume n s G_ EX is minimal possible.
Let e , . . . , e be a G-transversal in EX. For each 1 F i F n, let a be1 n i
w Ž . Ž .xthe weight of f i e , f t e , let m denote the number of oriented edgesi i i
w Ž . Ž .xin f i e , f t e which have weight a , and define the weight of e to bei i i i
a . Notice that m g N by the G-semitree properties. We want to groupi i
together those a which are equal. Renumbering, if necessary, we assumei
that the a are in ascending order. Let m denote the number of distincti
a , let i s 0, i s n, and let i - ??? - i be the indices such that,i 0 m 1 my1
for j s 1, . . . , m y 1, a - a . For j s 1, . . . , m, let n s mi j i q1 j i q1j jy1
q ??? qm , which does not depend on the choice of G-transversal. Ouri j
Ž .next minimality assumption is that the sequence n , . . . , n is minimal in1 m
the lexicographic ordering. Here we use the fact that m F n.
w Ž . Ž .xConsider 1 F i, j F n. If there exists w g V f i e , f t e such thati i
w Ž . x Ž w Ž .x.f i e , w resp. w, f t e has weight a then there exists one such thati i j
w Ž . x Ž w Ž .x.f i e , w resp. w, f t e is maximal under inclusion, and we define li i i j
Ž .resp. r to be the number of oriented edges of weight a contained in it;i j j
Ž .if there is no such w we define l s 0 resp. r s 0 . Let l s l q ??? qli j i j j 1 j n j
and r s r q ??? qr . Our next minimality assumption is that the 2n-tu-j 1 j n j
Ž .ple l , r , . . . , l , r is minimal in the lexicographic ordering.1 1 n n
Our final minimality assumption is that the length r of p is minimal.
For convenience, we summarize the seven things we are minimizing, in
order:
Value 1. The rank of G_ X.
Value 2. The rank of the G-quotient of the G-free part of X.
Value 3. The number M of folding points in p.
< <Value 4. n s G_ EX .
Ž .Value 5. n , . . . , n .1 m
Ž .Value 6. l , r , . . . , l , r .1 1 n n
Value 7. The length of p.
By renumbering, if necessary, we may assume that ¤ is a folding point1
in p. By reorienting all the G-translates of e , if necessary, we may assume1
w Ž . Ž .xthat e s y1. There exists w g VS such that f ¤ , f ¤ l1 1 0
w Ž . Ž .x w Ž . x "1 Ž .f ¤ , f ¤ s f ¤ , w in ES . Notice that w is between f ¤ and1 2 1 0
Ž .f ¤ ; also w is fixed by G and G , since2 e e1 2
G : G l G : G l G : G .e ¤ ¤ fŽ¤ . f Ž¤ . w1 0 1 0 1
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3.4.2. Violation of minimality. We disprove minimality by performing
subdi¤iding and folding operations on X. There are various cases, subcases,
etc.
Ž . Ž .Case 1. Suppose w s f ¤ s f ¤ .0 2
We want to identify e s ee2.1 2
Case 1.1. Suppose e and e are in distinct G-orbits.1 2
By reorienting all the G-translates of e , if necessary, we may assume2
that e s 1, and then we identify ge s ge and g¤ s g¤ , for all g g G,2 1 2 0 2
to get a new connected G-graph X, and a G-graph map X “ X which will
be denoted by overlines. This is a folding operation. There is an induced
Ž . Ž .G-map f: VX “ VS, and, for every edge e of X, f i e s f i e /
Ž . Ž . Ž .f t e s f t e , so we have a new admissible triple X, x, f .
Here we have reduced the number of G-orbits of edges by exactly one,
and the number of G-orbits of vertices by at most one, so by minimality of
Value 1, the rank of the quotient graph, we must reduce the number of
G-orbits of vertices by exactly one. Thus ¤ and ¤ lie in different0 2
G-orbits, and the rank of the G-quotient is unchanged.
If the number of G-free G-orbits of vertices drops, it drops by one,
which means that at least one of ¤ , ¤ is G-free, and so are its incident0 2
edges, so at least one of e , e is G-free, and the number of G-free1 2
G-orbits of edges drops by one. This proves that Value 2, the rank of the
G-quotient of the G-free part, does not increase, so, by minimality, it does
not change.
Case 1.1.1. Suppose each G-free edge occurring in p gets identified
with some other edge occurring in p.
Clearly, at least one of e , e is G-free. Here the number of G-free edge1 2
orbits drops, so, by minimality, the number of G-free vertex orbits drops,
so at least one of ¤ , ¤ is G-free. By symmetry we may assume ¤ is0 2 2
G-free, so e is also G-free. Thus, by assumption, e gets identified with3 3
another edge e occurring in p. By the definition of folding, this meansi
there exists g g G such that either ge s e , ge s e , or ge s e , ge s e .1 3 2 i 2 3 1 i
Case 1.1.1.1. Suppose ge s e and ge s e .1 3 2 i
Thus e is incident to ¤ , to g¤ , and to g¤ . Since ¤ and ¤ are in3 2 0 1 0 2
different G-orbits, we see ¤ s g¤ . But e s ge is incident to g¤ s ¤ .2 1 i 2 1 2
Since p is a simple closed path, and i / 3, we see i s 2. But ge s e s e ,2 i 2
and e is G-free, so g s 1. Hence e s ge s e , and, since p is a simple2 1 1 3
closed path, r s 2. Hence ¤ s ¤ , which contradicts ¤ and ¤ being in2 0 0 2
different G-orbits. Thus, this case is impossible.
Case 1.1.1.2. This leaves the case where ge s e , ge s e .2 3 1 i
Since p is a simple closed path we see g / 1, so g¤ / ¤ . Here e s ge2 2 3 2
is incident to ¤ , and to g¤ , so these are the two vertices of e . Thus2 2 3
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g¤ s ¤ . But e s ge is incident to g¤ s ¤ . Since p is a simple closed1 2 i 1 1 2
path, and i / 3, we see i s 2. Now ge s e s e contradicts e and e1 i 2 1 2
being in different G-orbits. Thus, this case is also impossible.
Case 1.1.2. This leaves the case where some G-free edge e occurring in
p does not get identified with any other edge occurring in p.
The image p of p in X is a nontrivial closed path, but may have
repeated vertices and edges. Let pX denote the graph obtained from p by
identifying those vertices which are identified in X. Since e is not a cut-set
for p, it is not a cut-set for pX, so pX contains a simple closed path
containing e. This gives us a subsequence q of p containing e such that
the image q in X is a simple closed path.
A jump in the subsequence may give rise to a folding point in q, but this
jump passes over a subsequence of p which joins two distinct vertices
which have the same image under f, which means that the jump passes
over at least one folding point in p. It follows that the number of folding
Ž .points in q is at most M. Thus, for the admissible quadruple X, x, f, q ,
Value 3, the number of folding points, has not increased, and by minimal-
ity, it is unchanged. Notice that the length of q is at most r y 2, since we
jump over e and e .1 2
Thus Values 1]3 have not changed. However, Value 4, the number of
G-orbits of edges, has dropped by one. This contradicts minimality.
Case 1.2. Suppose that e and e are in the same G-orbit, and e s 1.1 2 2
Here there exists h g G such that he s e , h¤ s ¤ , h¤ s ¤ . We1 2 1 1 0 s
identify ghe s ge and gh¤ s g¤ for all g g G, to get a new connected1 1 0 0
G-graph X, and a G-graph map X “ X which will be denoted by over-
lines. Again, this is a folding operation. There is an induced G-map f :
Ž . Ž . Ž . Ž .VX “ VS, and, for every edge e of X, f i e s f i e / f t e s f t e , so
Ž .we have a new admissible triple X, x, f .
Here we have not changed the number of G-orbits of edges or vertices,
and Value 1, the rank of the G-quotient, is unchanged.
However, the stabilizers of ¤ and e increase.0 1
If the number of G-free G-orbits of vertices drops, it drops by one,
which means that ¤ is G-free, and so are its incident edges, so e is0 1
G-free, and the number of G-free G-orbits of edges drops by one. This
proves that Value 2, the rank of the G-quotient of the G-free part, does
not increase, so by minimality, it does not change.
Case 1.2.1. Suppose each G-free edge occurring in p gets identified
with some other edge occurring in p.
Clearly, e is G-free. Here the number of G-free edge orbits drops, so,1
by minimality, the number of G-free vertex orbits drops, so ¤ is G-free.0
Since ¤ is not G-free, ¤ and ¤ are in separate G-orbits. Since ¤ is1 0 1 2
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G-free, e is also G-free. By assumption, e gets identified with another3 3
edge e occurring in p in X. Then there exists g g G such that eitheri
ge s e , ge s e , or ge s e , ge s e .1 3 2 i 2 3 1 i
Case 1.2.1.1. Suppose ge s e and ge s e .1 3 2 i
Thus e is incident to ¤ , to g¤ , and to g¤ . Since ¤ and ¤ are in3 2 0 1 1 2
different G-orbits, we see ¤ s g¤ . Thus g¤ s ¤ s h¤ , so g s h, since2 0 0 2 0
¤ is G-free. Hence e s ge s he s e , which contradicts p being a0 3 1 1 2
simple closed path of length at least two. Thus, this case is impossible.
Case 1.2.1.2. This leaves the case where ge s e , ge s e .2 3 1 i
Since p is a simple closed path we see g / 1, so g¤ / ¤ . Also2 2
g¤ / ¤ , since ¤ and ¤ are in separate G-orbits. So ¤ is not incident to1 2 1 2 2
ge s e , a contradiction. Thus, this case is also impossible.2 3
Case 1.2.2. This leaves the case that some G-free edge e occurring in p
does not get identified with any other edge occurring in p.
Arguing as in Case 1.1.2, we find a new admissible quadruple for which
Value 3, the number of folding points, does not change, while Value 7,
the length of the path, drops by at least two. Since Values 4]6 are
related to the G-orbits of edges, they do not change at all. This contradicts
minimality.
Case 1.3. Suppose that e and e are in the same G-orbit, and1 2
e s y1.2
Here there exists h g G such that he s e , h¤ s ¤ , h¤ s ¤ . In1 2 0 1 1 2
2 Ž . Ž . Ž .particular, h f ¤ s f ¤ s f ¤ , and, by Lemma 3.3, there exists0 2 0
w Ž . Ž .x¤ g V f ¤ , f ¤ fixed by h; it is also fixed by G .0 1 e1
We now perform a subdi¤ision operation. Introduce a new G-orbit of
vertices Gy with G s G , and two new G-orbits of edges Gf , Gf , withy e 1 21
G s G s G , and delete Ge . Let gf have initial vertex g¤ andf f e 1 1 01 2 1
terminal vertex gy; let gf have initial vertex gh¤ and terminal vertex gy.2 0
All other incidence relations are as in X. For each g g G, we have
subdivided ge into two edges gf and gf with common vertex gy, to get a1 1 2
new G-graph X X with VX X s VX j Gy. Notice there is a distinguished
X X XŽ .vertex x. We extend f to a map f : VX “ VS by setting f gy s g¤ .
Now we have a new admissible triple.
We have not altered Value 1, the rank of the G-quotient graph.
We now apply the folding process of Case 1.1 to identify gf s ghf ,2 1
Žgy s ghy for all g g G. We could then carry on to apply the folding
process of Case 1.2 to identify gf s ghf , g¤ s gh2 ¤ for all g g G, but1 2 0 0
.this is not necessary. This reduces Value 1, the rank of the G-quotient
graph, by 1, which is a contradiction.
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Ž . Ž . Ž . Ž .Case 2. Suppose w s f ¤ / f ¤ or w s f ¤ / f ¤ .0 2 2 0
Ž . Ž .By symmetry we may suppose that w s f ¤ / f ¤ , that is,2 0
f ¤ , f ¤ ; f ¤ , f ¤ .Ž . Ž . Ž . Ž .1 2 1 0
By Lemmas 3.2 and 3.3, e and e are in separate G-orbits. Thus, by1 2
re-orienting if necessary, we now assume that e s y1, e s 1.1 2
We now perform a subdivision operation with the same notation as in
Case 1.3. Here G s G : G . We extend f to a map fX: VX X “ VS byy e w1XŽ .setting f gy s gw. Now we have a new admissible triple, and p gives rise
to a path pX which begins
¤ , f , y , fy1 , ¤ , e , ¤ , . . . ,0 1 2 1 2 2
so we have a new admissible quadruple, and Values 1]3 have not changed.
We now apply the folding process of Case 1.1 to identify gf s ge ,2 2
gy s g¤ for all g g G. We observed that this does not increase Values2
1]3.
Thus the total effect is to leave Values 1]3 alone. Also, Value 4 is
unchanged because we have replaced e with f , which behaves like the1 1
Ž . Ž .``difference'' between e and e . Clearly weight e G weight e . If weight1 2 2 1
Ž . Ž . Ž . Ž .e s weight e then we have reduced Value 5. If weight e ) weight e2 1 2 1
then we have not changed Value 5, but have reduced Value 6. This is a
contradiction.
Ž . Ž .Case 3. This leaves the case where w / f ¤ and w / f ¤ .0 2
Here we aim to reduce Value 3 without increasing Values 1]2.
Case 3.1. Suppose e and e are in distinct G-orbits.1 2
By reorienting all the G-translates of e , if necessary, we may assume2
that e s 1.2
We now perform a double subdi¤ision operation. Introduce two new
G-orbits of vertices G , with G s G , i s 1, 2, and four new G-orbits ofy y ei i i
edges Ge , with G s G , i, j s 1, 2, and delete Ge , Ge . Let t ge s gyi j e e 1 2 i j ii j i
and i ge s g¤ , i ge s i ge s g¤ , i ge s g¤ . All other incidence rela-11 0 12 21 1 22 2
tions are as in X. We have a new G-graph X X with VX X s VX j Gy j1
Gy . Notice there is a distinguished vertex x. We extend f to a map fX:2
X XŽ . XŽ .VX “ VS by setting f gy s f gy s gw. Now we have a new admissi-1 2
ble triple, and p gives rise to a path pX which begins
¤ , e , y , ey1 , ¤ , e , y , ey1 , ¤ , . . . ,0 11 1 12 1 21 2 22 2
so we have a new admissible triple, and Values 1]3 have not changed.
We now fold as in Case 1.1 to identify ge s ge , gy s gy for all12 21 1 2
g g G. We have seen that this does not increase Values 1]3. Notice that
we obtain a closed path pX from p by folding together and skipping e12
X Ž .and e , and p has M y 1 folding points, since w is between f ¤ and21 0
Ž . Xf ¤ . But we have seen that p gives rise to a simple closed path q2
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containing a G-free edge, and having at most M y 1 folding points. This is
a contradiction.
Case 3.2. Suppose that e and e are in the same G-orbit, and e s 1.1 2 2
Here there exits h g G such that he s e , h¤ s ¤ , h¤ s ¤ . By1 2 1 1 0 2
Lemma 3.2, hw s w. We subdivide e into two edges f , f with common1 1 2
vertex y, so that p becomes a path which begins
¤ , fy1 , y , fy1 , ¤ , hf , hy , hf , h¤ , . . . .0 2 1 1 1 2 0
XŽ .We define f y s w. Now we fold as in Case 1.2 to identify hf s f ,1 1
hy s y. This gives us a new admissible quadruple which does not increase
Values 1]2, but, as in Case 3.1, it reduces Value 3. This is a contradiction.
Case 3.3. This leaves the case where e and e are in the same G-orbit,1 2
and e s y1.2
Here there exists h g G such that he s e , h¤ s ¤ , h¤ s ¤ .1 2 0 1 1 2
Case 3.3.1. Suppose hw s w.
Here we subdivide e into two edges f , f with new vertex y, so that p1 1 2
becomes a path which begins
¤ , f , y , fy1 , h¤ , hf , hy , hfy1 , h2 ¤ , . . . .0 2 1 0 2 1 0
XŽ .We define f y s w. Now we fold as in Case 1.1 to identify hf s f ,2 1
hy s y. This gives a new admissible quadruple where Values 1]2 do not
increase, but, as in Case 3.1, Value 3 drops. This is a contradiction.
y1 Ž .Case 3.3.2. Suppose h w is strictly between w and f ¤ .0
Subdivide e into three edges f , f , f with new vertex y, z, so that p1 1 2 3
becomes a path which begins
¤ , f , z , fy1 , y , fy1 , h¤ , hf , hz , hfy1 , hy , hfy1 , h2 ¤ , . . . .0 3 2 1 0 3 2 1 0
XŽ . XŽ .Define f y s hw, f z s w, and fold as in Case 1.1 to identify
hf s f , hz s y. This gives a new admissible quadruple where Values 1]23 1
do not increase, but, as in Case 3, Value 3 drops. This is a contradiction.
Case 3.3.3. This leaves the case where w is strictly between hy1 w and
Ž .f h¤ .0
By Lemma 3.3, h2 w s w. Subdivide e as in the previous case, with the1
XŽ . XŽ .same notation. Define f y s w, f z s hw. We fold as in Case 1.1 to
identify hf s f , hz s y. This does not increase Value 1, and we are now3 1
in the situation of Case 1.3 which reduces Value 1, again a contradiction.
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3.5. COROLLARY. Let S be a G-semitree, and s a ¤ertex of S. If G actss
 4freely on VS y s and G is finitely generated o¤er G , then G is a free factors s
of G.
3.6. Remark. Theorem 3.4 gives the property of G-semitrees which is
of most interest to us, and we emphasize that this property does not hold
for R-trees. In fact, it is known that not even the property described in
Corollary 3.5 holds for R-trees, for the following reason.
w xLet m be an irrational number. Culler and Vogtmann 3, pp. 208]209
w xuse results of Gillet and Shalen 8 to construct a certain R-tree T s GTm
with an action by the free group G s F on two letters a, b. It can be2
checked that T has a vertex ¤ such that G is the cyclic group generated¤
by abay1 by1, and that G acts freely on T y G¤ . Thus G acts freely on¤
 4T y ¤ , but G is not a free factor of G.¤
4. CONSTRUCTIONS FOR G-SEMITREES
Throughout, the symbol k will be used to denote the disjoint union.
4.1. DEFINITION. We say that f : S “ S is an edge-collapsing G-map of1 2
G-semitrees if S , S are G-semitrees, f is a G-map, and there is given a1 2
partition ES s EX k EY of ES into two disjoint G-subsets, such that the1 1
following hold:
Ž . Y1 Each element of E has weight greater than that of any element
of EX.
Ž . Ž X . X2 f E s ES , and the restriction Ef : E “ ES is bijective and2 2
weight-preserving.
Ž . Ž .3 f VS s VS , and, for all ¤ g VS , the element f¤ g VS , which1 2 1 2
is a map f¤ : ES “ Z , is given by restriction to EX, that is, composing the2 2
Ž .y1 X Xmap Ef : ES “ E , the inclusion E “ ES , and the map ¤ : ES “ Z .2 1 1 2
Ž Y Ž . Ž . .In particular, for all e g E , f i e s f t e .
Ž . Ž Y . Y Ž . Ž . Ž .4 f E : VS , and, for all e g E , f e s f i e s f t e .1
It is sometimes convenient to view ES as a G-subset of ES .2 1
Let us record the fact that the category of G-semitrees and edge-col-
lapsing G-maps has limits.
Ž < .4.2. PROPOSITION. If S i g I is an in¤erse system of edge-collapsingi
G-maps of G-semitrees, then the in¤erse limit, as a G-set, has a natural
G-semitree structure.
Proof. We take ES to be the G-set which is the directed union of the
Ž < .directed system ES i g I of weighted G-sets and inclusions. We take VSi
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to be the set of those functions ¤ : ES “ Z such that, for each i g I, the2
restriction ¤ to ES is an element of VS .i i i
It is straightforward to verify that S is a G-semitree. For example, for
any distinct u, ¤ in VS, there exists i g I such that u / ¤ , and the set ofi i
oriented edges in ES"1 of minimal weight where u and ¤ differ, does noti i i
depend on which i g I is chosen.
4.3. LEMMA. Let S be a G-semitree, ¤ a ¤ertex of S, and d a direction
emanating from ¤ . The stabilizer G lies in G , and e¤ery finitely generatedd ¤
subgroup of G fixes a ¤ertex of S which lies in d.d
Proof. Suppose g g G . It is straightforward to show that g fixes ¤ . Letd
u be any vertex in d. Then gu is in d, so S has a vertex x such that
w x w x w x¤ , u l ¤ , gu s ¤ , x , and x is in d. By Lemma 3.2, g fixes x. By the
definition of G-semitree, G l G = G l G , so any finite subset of G¤ u ¤ x d
which fixes u, also fixes x. The result now follows by induction on the
number of generators.
4.4. Construction. Let S be a G-semitree with finite edge stabilizers.
Suppose that we are given, for each vertex ¤ of S, a G -semitree T such¤ ¤
that every locally finite subgroup of G fixes a vertex of T . Suppose that¤ ¤
we are also given an action of G on the disjoint union of the T , ¤ g VS,¤
such that, for all g g G and ¤ g VS, gT s T , and, if g lies in G , then¤ g ¤ ¤
the resulting action of g on T agrees with that arising from the G -action¤ ¤
on T .¤
Choose a cardinal k greater than the weight of each edge in
S k E T . By increasing the weight of an edge in E T with¤ g V S ¤ ¤ g V S ¤
weight a to k q a , we may assume that each edge of T has weight¤
greater than each edge of S.
We will now describe how to blow up each ¤ g VS to T to get a¤
G-semitree SX and an edge-collapsing G-map SX “ S.
Let ¤ g VS. Let d be a direction emanating from ¤ . By Lemma 4.3, and
the fact that edge-stabilizers in S are finite, we see that G is a locallyd
finite subgroup of G . By hypothesis, G fixes a vertex u of T . For all¤ d d ¤
g g G we specify that gu is the vertex of T where the direction gd is tod g ¤
be attached. Thus in a G-equivariant way, we associate, to each direction
emanating from a vertex ¤ in S, a vertex of T .¤
Let ESX s ES k E ET . Let VSX s E VT .¤ g V S ¤ ¤ g V S ¤
X Xw xLet x and y be elements of VS . We intend to define S x, y together
with its total order. Let ¤ , ¤ denote the vertices of S associated to x, y,x y
w x Xw xrespectively. If ¤ s ¤ , then T x, y is defined, and we define S x, y tox y ¤ xw x X "1be the natural image of T x, y in ES . Here, if x / y, there are only¤ x
finitely many minimal-weight oriented edges since T is a G -semitree.¤ ¤x x
w x w xThis leaves the case where ¤ / ¤ . Here I s S ¤ , ¤ k VS ¤ , ¤ is ax y x y x y
subset of ES"1 k VS with a natural total order. For each vertex u of
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w x Ž .VS ¤ , ¤ , if u is interior resp. an endpoint , the total order on Ix y
Ž .determines two directions resp. one direction emanating from u in S. We
will speak of directions to the left and right, denoted l , r , in the manneru u
suggested by analogy with real intervals. Thus, for example, l and r are¤ ¤y x
Ž .defined. Let a resp. b denote the vertex of T which we associated tou u u
Ž .the direction l resp. r , and define a s x, b s y. To pass from I tou u ¤ ¤x y
Xw x w xS x, y , we replace each element u of VS ¤ , ¤ with the totally orderedx y
w x X "1subset T a , b , viewed as a subset of ES . Here the minimal-weightu u u
w xoriented edges are those of S ¤ , ¤ , so there are only finitely many ofx y
them.
In this way we get the desired partial order on ESX "1, and it is
straightforward to verify that SX is a G-semitree and that there is an
edge-collapsing G-map SX “ S.
4.5. Construction. Let S be a G-semitree with finite edge stabilizers.
Suppose that we are given, for some vertex ¤ of S, a G-semitree T such0
that every locally finite subgroup of G fixes a vertex of T.
Ž . Ž .Now VS y G¤ j G m T can be viewed as the disjoint union of0 G ¤ 0
G -semitrees, one for each ¤ g VS, and we can apply Construction 4.4 to¤
get a G-semitree SX and an edge-collapsing G-map SX “ S. Here we say
that ¤ has been blown up to T.0
5. EQUALIZERS OF SECTIONS
Throughout this section, let G and M be groups.
5.1. LEMMA. Let a: G “ G) M be a group-theoretic section of 1)e :
Ž .G) M “ G, and let K be a subgroup of G. If the subgroup a K of G) M
Ž .lies in a conjugate of G or of M, then there exists x g Ker 1)e such that, for
Ž . xall k g K, a k s k . If K is nontri¤ial then x is unique.
Ž . Ž .Ž Ž ..Proof. If a K lies in a conjugate of M, then 1)e a K s 1, but a is
Ž .a section of 1)e , so K s 1. We may assume that K is nontrivial, so a K
Ž . xlies in a conjugate of G. Thus there is an x g G) M such that a K F G .
ŽŽ .Ž ..y1Replacing x with 1)e x x g Gx, we may assume that x lies in
Ž .Ker 1)e . Here, x is unique, because a nontrivial element of G commutes
only with elements of G, so cannot commute with a nontrivial element of
Ž . Ž . xKer 1)e . For each k g K, we have a g g G such that a k s g , and, on
xŽ .applying 1)e , we see that k s g ; that is, a k s k for all k g K.
5.2. LEMMA. Let a, b: G “ G) M be group-theoretic sections of 1)e :
G) M “ G, and let K be a subgroup of G. Then K acts on a tree T withK
tri¤ial edge stabilizers such that, for e¤ery ¤ertex ¤ of T , there exist x, y gK
Ž . Ž . x Ž . yKer 1)e such that, for all k g K , a k s k and b k s k .¤
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If K is nontri¤ial, then x and y are unique.
If K is locally finite then K fixes a ¤ertex of T , because the edge stabilizersK
are tri¤ial.
Proof. We may assume that K is nontrivial.
Ž .Via the homomorphism a: K “ a K F G) M, K acts on the
Bass]Serre tree T for G) M, and here the edge stabilizers are trivial. For
Ž .every ¤ g VT , a K lies in a conjugate of G or of M. Via the homomor-¤
Ž .phism b: K “ b K F G) M, K acts on T , and ¤ can be blown up to¤ ¤ ¤
this tree, by Construction 4.5, to give a K-tree, not just a K-semitree.
Ž .Doing this for all ¤ gives a K-tree T such that, for all ¤ g VT , a K liesK K ¤
Ž .in a conjugate of G or of M, and b K lies in a conjugate of G or of M.¤
Now the result follows from Lemma 5.1.
5.3. LEMMA. If H is the equalizer of two group-theoretic sections a, b:
G “ G) M of 1)e : G) M “ G, then, for e¤ery g g G y H, H l H g is
torsion-free.
Proof. Suppose that g g G, and that K is a nontrivial finite subgroup
gy1 Ž . Ž .of H l H . It suffices to show that g g H, that is, a g s b g . Here, K
wfixes a vertex of any tree on which it acts; see, for example, 4, Corollary
xI.4.9 . Combined with Lemma 5.2, this says that there exist unique x, y g
Ž . Ž . x Ž . yKer 1)e such that, for all k g K, a k s k and b k s k . Since K lies
in H, a and b agree on K, so x s y, by uniqueness. Since K g lies in H, a
g Ž g . Ž .aŽ g . x aŽ g . Ž g .and b agree on K . For all k g K, a k s a k s k , and b k s
Ž .bŽ g . ybŽ g . x bŽ g . x aŽ g . x bŽ g . Ž . Ž y1 . y1b k s k s k . Thus k s k , and xa g b g x is an
Ž .element of Ker 1)e which commutes with a nontrivial element of G, so
Ž . Ž .is trivial. Thus a g s b g , as desired.
5.4. DEFINITION. A subgroup H of G is said to be a ¤ertex factor of G
if there exists a G-tree with finite edge stabilizers in which there is a vertex
¤ whose stabilizer G is precisely H. By Bass]Serre Theory, H is a vertex¤
factor of G if and only if G can be expressed as the fundamental group of
a graph of groups which has finite edge groups and has H as one of the
vertex groups.
The following result develops the Remark following Proposition 10
w xin 1 .
5.5. THEOREM. Let G, U be groups, let a, b: G “ U be group homomor-
Ž . Ž . Ž y1 .phisms, and define d: G “ U by d x s a x b x . Suppose that U has
Ž .subgroups U F U such that d G : U , and, for each u g U , there are2 1 1 1
bŽ x . y1Ž bŽ x ..only finitely many x g G such that u f U . Then d F U is a2 x g G 2
¤ertex factor of G.
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Proof. Let V denote the set of all maps from the right G-set G to the
set U rU with trivial G-action; give V the induced left G-set structure.1 2
Ž . Ž .Define ¤ : G “ U rU by ¤ x s d x U , so ¤ g V.1 2 2
Let g g G. For all x g G,
¤ x s d x U s a x b xy1 U ,Ž . Ž . Ž . Ž .2 2
y1 y1g¤ x s ¤ xg s a xg b xg U s a x d g b x U .Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . 2 2
Ž . Ž . Ž . Ž y1 . Ž .Thus g¤ x s ¤ x if and only if d g g b x U b x . By hypothesis, the2
latter holds for all but finitely many x g G, which means that g¤ almost
w xequals ¤ in V. By the Almost Stability Theorem 4, Theorem III.8.5 , the
Ž . bŽ x .stabilizer G is a vertex factor of G. But g¤ s ¤ if and only if d g g U¤ 2
for all x g G, that is,
G s dy1 U bŽ x . ,F¤ 2ž /
xgG
and the result is proved.
5.6. THEOREM. If H is the equalizer of two group-theoretic sections a, b:
G “ G) M of 1)e : G) M “ G, then H is the intersection of a set of ¤ertex
factors of G. If , moreo¤er, G is finitely generated, then H is the intersection of
a countable descending chain of ¤ertex factors of G.
w xProof. We argue as in the proof of 1, Theorem 11 .
Let U s G) M. Let U F U denote the kernel of 1)e : U “ G, identify1
g Ž . Ž . Ž y1 .U s ) M , and define d: G “ U F U by d x s a x b x . Let F1 g g G 1
denote the set of finite subsets of G.
Let S g F, and let U denote the kernel of the map from U s ) M gS 1 g g G
to ) M g which is the identity on ) M g and vanishes ong g S g g S
) M g. Using a ``G-support'' argument as in the proof of Theorem 11g g GyS
w xof 1 , one can check that, for any u g U , there are only finitely many1
g g G, such that u f U x; moreover, U x s U bŽ x ., since U is a normalS S S S
Ž .subgroup of U , and b x g U x, because b is a section of 1)e . By1 1
y1Ž x.Theorem 5.5, d F U is a vertex factor of G.x g G S
y 1Ž . y 1Ž x .Now F U s 1, so H s d 1 s d F F U sS g F S S g F x g G S
y1 Ž x.F d F U , which is an intersection of vertex factors of G.S g F x g G S
If G is finitely generated we can replace F with a countable cofinal
chain.
5.7. Remark. If G is torsion-free, then a vertex factor is the same thing
Žw xas a free factor. The Grushko]Neumann Theorem 4, Theorem I.10.6 , for
.example implies that, on passing to a proper free factor of a finitely
generated group, the rank drops by at least one. Hence, if G is finitely
generated and torsion-free, then the countable descending chain of free
factors given by Theorem 5.6 has only finitely many distinct terms, so the
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intersection H is itself a free factor. Thus Theorems 5.5 and 5.6 give what
w xlooks like a one-page proof of 1, Theorem 11 ; however, this proof is
essentially the same as Bergman's, since our argument is based on the
Almost Stability Theorem, whose proof is based on arguments of Stallings
and Swan, while Bergman's proof is based directly on the results obtained
by Stallings and Swan.
5.8. THEOREM. If H is the equalizer of two group-theoretic sections a, b:
G “ G) M of 1)e : G) M “ G, then, for all g g G y H, H l H g s 1,
and there exists a G-semitree S with finite edge stabilizers, and a ¤ertex ¤ of S
such that G s H, and, for all w g VS y G¤ , H is either 1 or G .¤ w w
Ž < .Proof. By Theorem 5.6, we have a family T i g I of G-treesi
Ž < .with finite edge stabilizers, and a family u g VT i g I such thati i
F G s H.ig I u i
Consider any i g I. Let S be the G-semitree obtained from the G-treei
T by adding in all the ends with infinite G-stabilizers and assigning as thei
weight of an oriented edge the order of its G-stabilizer. It can be verified
that this gives a G-semitree. For example, if u, ¤ are two of the additional
ends, then the two-ended path in T which joins them cannot containi
infinitely many edges of the same weight, since otherwise a one-ended
path to u or ¤ would contain infinitely many edges of the same weight,
and the G-stabilizer of u or ¤ would be finite.
It is not difficult to show that every locally finite subgroup K of G fixes
w xa vertex of S ; see 4, Theorem I.4.2 . If K is finite or uncountable, then Ki
fixes a vertex of T , and, if K is countably infinite and does not fix a vertexi
of T , then K fixes one of the added-in ends.i
By choosing a well-order for I, we may assume that there exists an
 < 4ordinal g such that I s a 0 F a - g .
Ž X < .We shall recursively construct a family of G-semitrees S 0 F a F g ,a
such that, for 0 F b F g , SX has a distinguished vertex ¤ such thatb b
G s F G , and, for 0 F a F b F g , there is specified an edge-¤ 0 F a - b ub a
collapsing G-map of G-semitrees SX “ SX sending ¤ to ¤ , such thatb a b a
Ž X < .S 0 F a F g is an inverse system of edge-collapsing G-maps of G-semi-a
trees.
We take SX to consist of a single vertex ¤ fixed by G. Suppose that0 0
Ž X < .0 - b F g , and that we have constructed S 0 F a - b . If b is a limita
ordinal, we take SX to be the inverse limit given by Proposition 4.2. If b isb
a successor ordinal, let a denote its predecessor, so b s a q 1. By
Construction 4.5, we can blow up the distinguished vertex ¤ of SX to thea a
G-semitree S with a distinguished vertex u . By transfinite recursion, oura a
family has been constructed.
Thus we have a G-semitree SX with finite edge stabilizers and ag
distinguished vertex ¤ with stabilizer G s F G s H.g ¤ 0 F a -g ug a
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It now follows from Lemma 5.3 that, for all g g G y H, H l H g s 1.
We can use Construction 4.4 to blow up each vertex w in VSX y G¤ byg g
using the tree given by Lemma 5.2 with K s G . This gives us a G-semi-w
tree S with a vertex ¤ such that G s H, and, for every w g VS y G¤ ,¤
Ž . Ž . xthere exist x, y g Ker 1)e such that, for all k g G , a k s k andw
Ž . y y1b k s k . If G is nontrivial, then x and y are unique. Clearly xyw
centralizes H , so either x s y or H s 1. But if x s y then a and bw w
agree on G , so G : H. Thus H is 1 or G .w w w w
Combining Theorems 5.8 and 3.4, we answer Bergman's question.
5.9. THEOREM. Let G and M be groups, let a, b: G “ G) M be group-
theoretic sections of 1)e : G) M “ G, and let H be the equalizer of a and b.
If G is finitely generated o¤er H, then H is a free factor of G.
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